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Hour Exam 1 

50 minutes - Useful numbers and formulas you may need are given at the end. 
You must turn in your answer by 11:55 to get full credit. 

 
1. (10 pts.) Let’s play with a simple differential equation. Let us say that you have a molecule A 
that can dimerize via the reaction A + A ® A2. Let c be the concentration of molecule A. 
 
a. (2+2) How do you think the rate dc/dt depends on the concentration c? Write down the 
differential equation for dc/dt using -k as the proportionality constant. 
 
Answer: The rate 

!"
!#

  is expected to be quadratically related to the concentration c because the 
reaction is a dimerization reaction and increasing the concentration by 2 quadruples the chance of 
a collision. Think of the reaction A+B ® AB; if you double A, the rate doubles; if you double B, 
the rate doubles; if you double both, the rate quadruples. This is the same, except A and B happen 
to be same species. 
 
𝑑𝑐
𝑑𝑡

= −𝑘𝑐$ 
 
Note: productive collisions require collision with a third molecule (could be a solvent molecule) 
to remove the excess energy and stabilize the product A2, but if the solvent is at high concentration, 
this does not affect the quadratic rate dependence on A.  
 
b. (2+2) Rearrange the equation by multiplying by dt on both sides, and dividing by c2 on both 
sides, so the left side depends only on c and the right side only on t. Now write down the integrated 
version by adding an integral from c(0) to c(t) on the left and from 0 to t on the right side. 
Answer: !"

"!
= −k	dt 

'
1
c# dc

"(%)

"(')
=	−' k	dt

%

'
 

 
c. (2) Write down an equation that gives c(t) as a function of t. This is the concentration of a 
bimolecular (2nd order) reaction as a function of time. [Hint: see back for useful integrals.] 
 

!− !
"
#
"($)

"(&)
= −kt|$'  = k(t-0) 

−	
1
c(t) +	

1
c(0) = −𝑘𝑡 

!
"(&)

=	 !
"($)

+ 𝑘𝑡 is a good solution, or you can solve: 

c(t) = 	 / !
"($)

+ kt0
(!

 as another form of the solution. 



Chem	440	
Spring	2023	

 2 

 
 
2. (10) In class we showed that for a quantum spring, the lowest energy wavefunction is 
𝜓()'~𝑒*+,

!, and in homework problem Q2.2 you showed that  𝜓()-~𝑥	𝑒*+,
!, is the next highest 

solution. 
 
a. (1+2+1) Draw energy and x axes to plot the potential energy V(x) for a spring, adding the 
formula for V(x) in terms of force constant k and x. 

Solution:  

 

b. (2+2) Draw the energy levels for n=0 and n=1 and label each with its correct energy formula. 
Then draw the wavefunctions 𝜓()' and 𝜓()- onto their respective energy levels. 

Solution:  

 

c. (1+1) In your plot, shade the classically forbidden region of each wavefunction. Is the average 
kinetic energy of the spring ever negative? 

 
Answer: No. 
 
Note: The average kinetic energy of the spring is always positive, even with classically forbidden 
regions that have negative kinetic energy. The average, or expectation value, of the kinetic energy 
is dominated by the classically allowed region. 
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3. (10 pts.) In quantum mechanics, two atomic orbitals (wavefunctions) for the same electron on 
different nuclei in a molecule can be added/subtracted together to make new wavefunctions that 
(approximately) solve the Schrödinger equation for the electron in the molecule. The electron is 
in a quantum superposition state on both nuclei. 

a. (2+2) Let two nuclei initially lie far apart on the x-axis. Draw a horizontal line on paper to 
represent the x-axis and indicate the nuclei as little dots on the x-axis. Draw a px orbital  
on each nucleus and shade them to indicate +/- signs. 

Solution:  

 

b. (2+1+1) Now draw the orbitals closer together so the px orbitals can overlap in ± combinations, 
and add a vertical energy axis to show clearly which of the two combinations is at higher energy. 
Label which one is the bonding and which one is the antibonding molecular orbital.  

Solution:  

Note: This is a very simplified view of the molecular orbitals without the exact shape due to 
overlap. You would also get credit if you drew something indicative of the overlap, e.g. for the 
bonding orbital:  

 

c. (2) Is the bonding orbital in part b. a σ or a π orbital? 

Answer: The bonding orbital in part b. is a σ orbital, as can be seen from the direct overlap of 
lobes from both px orbitals between the nuclei, not above/below the plane of the nuclei. 
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4. (10 pts.) In the above figure, when you shine 354 nm light onto a nitrogen (N2) molecule, a 
photon disappears and a photon with a wavelength of 386 nm is made. 

a. (2+2) Convert the two wavelengths (nm) into energies (Joules) by using Planck’s law. [Hint: 
don’t forget 1 nm = 10-9 m.] 

Answer: For light with a wavelength of 354 nm: 

E- = hν- =	
hc
λ-
=	
(6.6266	x	10*./	J · s) · ?2.9979	x	100ms C

3.54	x	10*1	m ≈ 5.61	x	10*-2	J 

For light with a wavelength of 386 nm: 

E# = hν# =	
hc
λ#
=	
(6.6266	x	10*./	J · s) · ?2.9979	x	100ms C

3.86	x	10*1	m ≈ 5.15	x	10*-2	J 

 

b.  (2+2) Calculate the vibrational frequency  for N2 in units of Hz and cm-1. 

Answer: ΔE = 	E1 −	E2 = 	5.61	x	10−19	J − 	5.15	x	10−19	J ≈ 4.6	x	10−20	J 

In hertz, ν./ =	
ΔE
0
=	 1.3	5	!$!"#	6

3.3733	5	!$!$%	6·9
≈ 6.94	x	10!:	Hz 

In cm-1, ν";!& =	 <'(
"
=	 3.=1	5	!$

&$	9!&

7.==>=	5	!$&#)*+
≈ 2315	cm(! 

c. (2) As you can see in the plot, the 354 nm photon misses the excited electronic state n=0 level 
by DE=1.6.10-19 Joules = 96 kJ/mole, a lot! By the energy-time uncertainty principle, the 389 
nm photon must be made pretty quickly for such a large energy ‘miss’. How quickly, in 
femtoseconds? 

Answer: ΔE	 · 	Δt = 	 ħ
#
	⇒ Δt = 	 ħ

#	56
=	 7.7#77	9	-'

"#$	:·<
#	·#=	·-.7	9	-'"%&	:

= 3.3	x	10*-7	s ≈ 0.33	fs 

Note: as you can see, Raman scattering has to happen much faster than fluorescence (which 
could take nanoseconds instead of a fraction of a femtosecond). 


